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Abstract: In this article, certain symmetry identities for the 2-variable Apostol type polyno-
mials are derived. By taking suitable values of parameters and indices, the symmetry identities
for the special cases of the 2-variable Apostol type polynomials are established. Further, the
symmetry identities for certain members belonging to the 2-variable Apostol type polynomials
are also considered.
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1. Introduction and preliminaries
The class of Appell sequences is an important class of polynomial sequences and very often
found in different applications in pure and applied mathematics. Properties of Appell sequences
are naturally handled within the framework of modern classical umbral calculus by Roman [9].
The classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classi-
cal Genocchi polynomials Gn(x), together with their familiar generalizations B
(m)
n (x), E
(m)
n (x)
and G
(m)
n (x) of (real or complex) order m, belong to the class of Appell sequences.
The polynomials B
(m)
n (x), E
(m)
n (x) and G
(m)
n (x) are defined by the following generating
functions [2, 10]: ( t
et − 1
)m
ext =
∞∑
n=0
B(m)n (x)
tn
n!
, |t| < 2pi, (1.1)
( 2
et + 1
)m
ext =
∞∑
n=0
E(m)n (x)
tn
n!
, |t| < pi, (1.2)
( 2t
et + 1
)m
ext =
∞∑
n=0
G(m)n (x)
tn
n!
, |t| < pi. (1.3)
It is easy to see that Bn(x), En(x) and Gn(x) are given, respectively, by
B(1)n (x) = Bn(x); E
(1)
n (x) = En(x); G
(1)
n (x) = Gn(x), n ∈ N0 := N ∪ {0}. (1.4)
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Some interesting analogues of the classical Bernoulli and Euler polynomials were first in-
vestigated by Apostol [1] and further studied by Srivastava [11].
Luo and Srivastava [7] introduced the Apostol Bernoulli polynomials of order m ∈ N0,
denoted by B
(m)
n (x;λ), λ ∈ C, which are defined by the generating function
( t
λet − 1
)m
ext =
∞∑
n=0
B
(m)
n (x;λ)
tn
n!
, |t| < 2pi, when λ = 1; |t| < |logλ|, when λ 6= 1, (1.5)
with
B
(m)
n (x; 1) = B
(m)
n (x). (1.6)
The Apostol Euler polynomials of order m ∈ N0, denoted by E
(m)
n (x;λ), λ ∈ C are intro-
duced by Luo [5] and are defined by the generating function
( 2
λet + 1
)m
ext =
∞∑
n=0
E
(m)
n (x;λ)
tn
n!
, |t| < |log(−λ)|, (1.7)
with
E
(m)
n (x; 1) = E
(α)
n (x). (1.8)
Further, Luo [6] introduced the Apostol Genocchi polynomials of order m ∈ N0, denoted
by G
(m)
n (x;λ), λ ∈ C, which are defined by the generating function
( 2t
λet + 1
)m
ext =
∞∑
n=0
G(m)n (x;λ)
tn
n!
, |t| < |log(−λ)|, (1.9)
with
G(m)n (x; 1) = G
(m)
n (x). (1.10)
Recently, Luo and Srivastava [8] introduced a unification (and generalization) of the above
mentioned three families of the Apostol-type polynomials.
The Apostol type polynomials F
(α)
n (x;λ;µ, ν) (α ∈ N, λ, µ, ν ∈ C) of order m, are defined
by means of the generating function
( 2µ tν
λet + 1
)m
ext =
∞∑
n=0
F (m)n (x;λ;µ, ν)
tn
n!
, |t| < |log(−λ)|. (1.11)
In fact, from equations (1.5), (1.7), (1.9) and (1.11), we have
(−1)mF (m)n (x;−λ; 0, 1) = B
(m)
n (x;λ), (1.12)
F (m)n (x;λ; 1, 0) = E
(m)
n (x;λ), (1.13)
F (m)n (x;λ; 1, 1) = G
(m)
n (x;λ). (1.14)
Recently, Khan at el introduced the 2-variable Apostol type polynomials, denoted by
pF
(m)
n (x, y;λ;µ, ν) by combining the 2-variable general polynomials pn(x, y) [3] as base with
2
Apostol type polynomials F
(m)
n (x;λ;µ, ν), which are defined by the generating function of the
form [4]:
( 2µ tν
λet + 1
)m
extφ(y, t) =
∞∑
n=0
pF
(α)
n (x, y;λ;µ, ν)
tn
n!
. (1.15)
Symmetry identities for the generalized Apostol Bernoulli polynomials B
(m)
n (x;λ) and
generalized Apostol Euler polynomials E
(m)
n (x;λ) involving generalized sum of integer powers
Sk(n, λ) and generalized sum of alternative integer powers Mk(n, λ) are derived in [13].
Now, we recall the following definitions which will be used in proving the results:
Definition 1.1. For each k ∈ N0, the sum Sk(n) =
n∑
i=0
ik is known as the power sum defined by
the generating relation
∞∑
k=0
Sk(n)
tk
k!
=
e(n+1)t − 1
et − 1
. (1.16)
Definition 1.2. For an arbitrary real or complex λ, the generalized sum of integer powers
Sk(n, λ) is defined by the generating relation [13]:
∞∑
k=0
Sk(n, λ)
tk
k!
=
λe(n+1)t − 1
λet − 1
. (1.17)
We note that
Sk(n, 1) = Sk(n). (1.18)
Definition 1.3. For each k ∈ N0, the sumMk(n) =
n∑
i=0
(−1)kik is known as the sum of alternative
integer powers defined by the generating relation
∞∑
k=0
Mk(n)
tk
k!
=
1− (−et)(n+1)
et + 1
. (1.19)
Definition 1.4. For an arbitrary real or complex λ, the generalized sum of alternative integer
powers Mk(n, λ) is defined by the generating relation [13]:
∞∑
k=0
Mk(n, λ)
tk
k!
=
1− λ(−et)(n+1)
λet + 1
. (1.20)
We note that
Mk(n, 1) =Mk(n). (1.21)
Also, for even n, we have
Sk(n,−λ) =Mk(n, λ). (1.22)
Motivated by the above mentioned work on symmetry identities for 1-variable Apostol
polynomials and due to the importance of the 2-variable forms of the special polynomials in this
3
paper, we derived symmetric identities for the 2-variable Apostol type polynomials. Symmetric
identities for certain members belonging to this family are also obtained.
2. Symmetric identities for 2-variable Apostol type polynomials
In this section, we derive several symmetric identities for the 2-variable Apostol type poly-
nomials. For this we prove the following theorems:
Theorem 2.1. For all integers c > 0, d > 0, n ≥ 0, m ∈ N, λ, µ, ν ∈ C, the following symmetry
identity for the 2-variable Apostol type polynomials pF
(m)
n (x, y;λ;µ, ν) holds true:
n∑
k=0
(
n
k
)
cn−kdν+kpF
(m)
n−k(dx, dy;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(c− 1;−λ)pF
(m−1)
k−l (cX, cY ;λ;µ, ν)
=
n∑
k=0
(
n
k
)
dn−kcν+kpF
(m)
n−k(cx, cy;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(d− 1;−λ)pF
(m−1)
k−l (dX, dY ;λ;µ, ν). (2.1)
Proof. Let
G(t) :=
2µ(2m−1)tν(2m−1)ecdxtφ(y, cdt)(λecdt + 1)ecdXtφ(Y, cdt)
(λect + 1)m(λedt + 1)m
. (2.2)
Since the expression for G(t) is symmetric in c and d, we can expand G(t) into series in
two ways, to obtain
G(t) =
1
cνmdν(m−1)
(
2µcνtν
λect + 1
)m
ecdxtφ(y, cdt)
(
2µdνtν
λedt + 1
)m−1(
λecdt + 1
λedt + 1
)
ecdXtφ(Y, cdt)
=
1
cνmdν(m−1)
(
2µ(ct)ν
λect + 1
)m
ecdxtφ(dy, ct)
(
λecdt + 1
λedt + 1
)(
2µ(dt)ν
λedt + 1
)m−1
ecdXtφ(cY, dt)
=
1
cνmdν(m−1)
( ∞∑
n=0
pF
(m)
n (dx, dy;λ;µ, ν)
(ct)n
n!
)( ∞∑
l=0
Sl(c− 1;−λ)
(dt)l
l!
)
( ∞∑
k=0
pF
(m−1)
k (cX, cY ;λ;µ, ν)
(dt)k
k!
)
,
which on using [12, p.890 Corollary 2] gives
G(t) =
1
cνmdνm
∞∑
n=0
[ n∑
k=0
(
n
k
)
cn−kdν+kpF
(m)
n−k(dx, dy;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(c− 1;−λ)
pF
(m−1)
k−l (cX, cY ;λ;µ, ν)
] tn
n!
. (2.3)
In a similar manner, we have
G(t) =
1
dνmcν(m−1)
(
2µ(dt)ν
λedt + 1
)m
ecdxtφ(cy, dt)
(
λecdt + 1
λect + 1
)(
2µ(ct)ν
λect + 1
)m−1
ecdXtφ(dY, ct)
=
1
dνmcν(m−1)
( ∞∑
n=0
pF
(m)
n (cx, cy;λ;µ, ν)
(dt)n
n!
)( ∞∑
l=0
Sl(d− 1;−λ)
(ct)l
l!
)
( ∞∑
k=0
pF
(m−1)
k (dX, dY ;λ;µ, ν)
(ct)k
k!
)
=
1
dνmcνm
∞∑
n=0
[ n∑
k=0
(
n
k
)
dn−kcν+kpF
(m)
n−k(cx, cy;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(d− 1;−λ)
pF
(m−1)
k−l (dX, dY ;λ;µ, ν)
] tn
n!
. (2.4)
Equating the coefficients of same power of t in r.h.s. of equations (2.3) and (2.4), we are
led to assertion (2.1).
Theorem 2.2. For each pair of positive integers c, d and for all integers n ≥ 0, m ∈ N, λ, µ, ν ∈
C, the following symmetry identity for the 2-variable Apostol type polynomials pF
(m)
n (x, y;λ;µ, ν)
holds true:
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−kpF
(m)
n
(
dx+
d
c
i, dy;λ;µ, ν
)
pF
(m)
n
(
cX +
c
d
j, cY ;λ;µ, ν
)
=
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−kpF
(m)
n
(
cx+
c
d
i, cy;λ;µ, ν
)
pF
(m)
n
(
dX +
d
c
j, dY ;λ;µ, ν
)
. (2.5)
Proof. Let
H(t) :=
22µmt2νmecdxtφ(y, cdt)(λcecdt + 1)(λdecdt + 1)ecdXtφ(Y, cdt)
(λect + 1)m+1(λedt + 1)m+1
. (2.6)
Since the expression for H(t) is symmetric in c and d, we can expand H(t) into series in
two ways, to obtain
H(t) =
1
cνmdνm
(
2µcνtν
λect + 1
)m
ecdxtφ(y, cdt)
(λcecdt + 1
λedt + 1
)( 2µdνtν
λedt + 1
)m
ecdXtφ(Y, cdt)
(λdecdt + 1
λect + 1
)
=
1
cνmdνm
(
2µ(ct)ν
λect + 1
)m
ecdxtφ(dy, ct)
c−1∑
i=0
(−λ)iedti
(
2µ(dt)ν
λedt + 1
)m
ecdXtφ(cY, dt)
d−1∑
j=0
(−λ)jectj
=
1
cνmdνm
c−1∑
i=0
(−λ)i
(
2µ(ct)ν
λect + 1
)m
e
(
dx+ d
c
i
)
ct
φ(dy, ct)
d−1∑
j=0
(−λ)j
(
2µ(dt)ν
λedt + 1
)m
e
(
cX+ c
d
j
)
dt
φ(cY, dt)
=
1
cνmdνm
(
c−1∑
i=0
(−λ)i
∞∑
n=0
pF
(m)
n
(
dx+
d
c
i, dy;λ;µ, ν
)
(ct)n
n!
)
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
d−1∑
j=0
(−λ)j
∞∑
n=0
pF
(m)
n
(
cX +
c
d
j, cY ;λ;µ, ν
) (dt)n
n!


=
1
cνmdνm
∞∑
n=0
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−λ)i+jckdn−kpF
(m)
k
(
dx+
d
c
i, dy;λ;µ, ν
)
pF
(m)
n−k
(
cX +
c
d
j, cY ;λ;µ, ν
) tn
n!
. (2.7)
In a similar manner, we have
H(t) =
1
cνmdνm
∞∑
n=0
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−λ)i+jdkcn−kpF
(m)
k
(
cx+
c
d
i, cy;λ;µ, ν
)
pF
(m)
n−k
(
dX +
d
c
j, dY ;λ;µ, ν
)
tn
n!
. (2.8)
Equating the coefficients of same power of t in r.h.s. of equations (2.7) and (2.8), we are
led to assertion (2.2).
By taking suitable values of the parameters in equation (2.1) and (2.5) and in view of re-
lations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials
related to pF
(m)
n (x, y;λ;µ, ν). We present the symmetric identities for these polynomials in the
following table:
Table 2.1. Symmetry identities for the special cases of the 2VATP pF
(m)
n (x, y;λ;µ, ν).
S. Values of Relation between Name of the Symmetry identities of the resultant special polynomials
No. the para- the 2VATP resultant
meters pF
(m)
n (x, y;λ;µ, ν) special
and its special case polynomials
I. λ→ −λ (−1)m 2-variable
n∑
k=0
(
n
k
)
cn−kdν+kpB
(m)
n−k
(dx, dy;λ)
k∑
l=0
(
k
l
)
Sl(c− 1;λ)pB
(m−1)
k−l
(cX, cY ;λ)
µ = 0 pF
(m)
n (x, y;−λ; 0, 1) Apostol =
n∑
k=0
(
n
k
)
dn−kcν+kpB
(m)
n−k
(cx, cy;λ)
k∑
l=0
(
k
l
)
Sl(d− 1; λ)pB
(m−1)
k−l
(dX, dY ;λ)
ν = 1 = pB
(m)
n (x, y;λ) Bernoulli
polynomials
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+j(−λ)i+jckdn−kpB
(m)
n
(
dx + d
c
i, dy;λ)pB
(m)
n
(
cX + c
d
j, cY ;λ
)
(2VABP)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+j(−λ)i+jdkcn−kpB
(m)
n
(
cx+ c
d
i, cy;λ
)
pB
(m)
n
(
dX + d
c
j, dY ;λ
)
II. µ = 1 pF
(m)
n (x, y;λ; 1, 0) 2-variable
n∑
k=0
(
n
k
)
cn−kdν+kpE
(m)
n−k
(dx, dy;λ)
k∑
l=0
(
k
l
)
Ml(c− 1; λ)pE
(m−1)
k−l
(cX, cY ;λ)
ν = 0 = pE
(m)
n (x, y;λ) Apostol =
n∑
k=0
(
n
k
)
dn−kcν+kpE
(m)
n−k
(cx, cy;λ)
k∑
l=0
(
k
l
)
Ml(d− 1; λ)pE
(m−1)
k−l
(dX, dY ;λ)
Euler
polynomials
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−kpE
(m)
n
(
dx + d
c
i, dy;λ)pE
(m)
n
(
cX + c
d
j, cY ;λ
)
(2VAEP)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−kpE
(m)
n
(
cx + c
d
i, cy;λ
)
pE
(m)
n
(
dX + d
c
j, dY ;λ
)
III. µ = 1 pF
(m)
n (x, y;λ; 1, 1) 2-variable
n∑
k=0
(
n
k
)
cn−kdν+kpG
(m)
n−k
(dx, dy;λ)
k∑
l=0
(
k
l
)
Ml(c− 1;λ)pG
(m−1)
k−l
(cX, cY ;λ)
ν = 1 = pG
(m)
n (x, y;λ) Apostol =
n∑
k=0
(
n
k
)
dn−kcν+kpG
(m)
n−k
(cx, cy;λ)
k∑
l=0
(
k
l
)
Ml(d− 1;λ)pG
(m−1)
k−l
(dX, dY ; λ)
Genocchi
polynomials
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−kpG
(m)
n
(
dx + d
c
i, dy;λ)pG
(m)
n
(
cX + c
d
j, cY ; λ
)
(2VAGP)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−kpG
(m)
n
(
cx + c
d
i, cy;λ
)
pG
(m)
n
(
dX + d
c
j, dY ;λ
)
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Note. We note that for λ = 1, the results derived in Table 2.1 for the 2VABP pB
(m)
n (x, y;λ),
2VAEP pE
(m)
n (x, y;λ) and 2VAGP pG
(m)
n (x, y;λ) give the corresponding results for the 2-variable
Bernoulli polynomials (2VBP) (of order m) pB
(m)
n (x, y), 2-variable Euler polynomials (2VEP)
(of order m) pE
(m)
n (x, y) and 2-variable Genocchi polynomials (2VGP) (of order m) pG
(m)
n (x, y),
respectively. We present these results in the Table 2.2:
Table 2.2. Symmetry identities for the pB
(m)
n (x, y), pE
(m)
n (x, y) and pG
(m)
n (x, y).
S. Relation between Name of the Symmetry identities of the resultant special polynomials
No. the special resultant
cases special
polynomials
I. pB
(m)
n (x, y; 1) 2-variable
n∑
k=0
(
n
k
)
cn−kdν+kpB
(m)
n−k
(dx, dy)
k∑
l=0
(
k
l
)
Sl(c− 1)pB
(m−1)
k−l
(cX, cY )
= pB
(m)
n (x, y) Bernoulli =
n∑
k=0
(
n
k
)
dn−kcν+kpB
(m)
n−k
(cx, cy)
k∑
l=0
(
k
l
)
Sl(d− 1)pB
(m−1)
k−l
(dX, dY )
polynomials
(2VBP)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
ckdn−kpB
(m)
n
(
dx + d
c
i, dy)pB
(m)
n
(
cX + c
d
j, cY
)
of order m =
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
dkcn−kpB
(m)
n
(
cx+ c
d
i, cy
)
pB
(m)
n
(
dX + d
c
j, dY
)
II. pE
(m)
n (x, y; 1) 2-variable
n∑
k=0
(
n
k
)
cn−kdν+kpE
(m)
n−k
(dx, dy)
k∑
l=0
(
k
l
)
Ml(c− 1)pE
(m−1)
k−l
(cX, cY )
= pE
(m)
n (x, y) Euler =
n∑
k=0
(
n
k
)
dn−kcν+kpE
(m)
n−k
(cx, cy)
k∑
l=0
(
k
l
)
Ml(d− 1)pE
(m−1)
k−l
(dX, dY )
polynomials
(2VEP)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
ckdn−kpE
(m)
n
(
dx + d
c
i, dy)pE
(m)
n
(
cX + c
d
j, cY
)
of order m =
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
dkcn−kpE
(m)
n
(
cx+ c
d
i, cy
)
pE
(m)
n
(
dX + d
c
j, dY
)
III. pG
(m)
n (x, y; 1) 2-variable
n∑
k=0
(
n
k
)
cn−kdν+kpG
(m)
n−k
(dx, dy)
k∑
l=0
(
k
l
)
Ml(c− 1)pG
(m−1)
k−l
(cX, cY )
= pG
(m)
n (x, y) Genocchi =
n∑
k=0
(
n
k
)
dn−kcν+kpG
(m)
n−k
(cx, cy)
k∑
l=0
(
k
l
)
Ml(d − 1)pG
(m−1)
k−l
(dX, dY )
polynomials
(2VGP)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
ckdn−kpG
(m)
n
(
dx + d
c
i, dy)pG
(m)
n
(
cX + c
d
j, cY
)
of order m =
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
dkcn−kpG
(m)
n
(
cx+ c
d
i, cy
)
pG
(m)
n
(
dX + d
c
j, dY
)
Note.We note that form = 1, the results derived above for the 2-variable Bernoulli polynomials
(2VBP) (of order m) pB
(m)
n (x, y), 2-variable Euler polynomials (2VEP) (of order m) pE
(m)
n (x, y)
and 2-variable Genocchi polynomials (2VGP)(of order m) pG
(m)
n (x, y) give the corresponding
results for the 2-variable Bernoulli polynomials (2VBP) pBn(x, y), 2-variable Euler polynomials
(2VEP) pEn(x, y) and 2-variable Genocchi polynomials (2VGP) pGn(x, y).
In the next section, symmetry identities for certain members belonging to the 2-variable
Apostol type polynomials are obtained.
3. Symmetry identities for certain members belonging to 2-variable
Apostol type polynomials
Certain members belonging to the 2VATP pF
(m)
n (x, y;λ;µ, ν) family are considered in [4].
These special members are obtained by making suitable choice for the function φ(y, t) in equa-
7
tion (1.15).
We recall that by taking φ(y, t) = eyt
s
(for which the 2VGP pn(x, y) reduce to the Gould-
Hopper polynomials (GHP) H
(s)
n (x, y)) in the l.h.s. of generating function (1.15), we get the fol-
lowing generating function for the Gould-Hopper Apostol type polynomials H(s)F
(m)
n (x, y;λ;µ, ν)
[4]:
( 2µ tν
λet + 1
)m
ext+yt
s
=
∞∑
n=0
H(s)F
(m)
n (x, y;λ;µ, ν)
tn
n!
. (3.1)
Consequently, by taking φ(y, cdt) = ey(cdt)
s
in equation (2.2) and proceeding on the same
lines as in Theorem 2.1 and Theorem 2.2, we get the following consequences of Theorem 2.1 and
Theorem 2.2.
Corollary 3.1. For all integers c > 0, d > 0, n ≥ 0, m ∈ N, λ, µ, ν ∈ C, the following
symmetry identity for the Gould-Hopper Apostol type polynomials H(s)F
(m)
n (x, y;λ;µ, ν) holds
true:
n∑
k=0
(
n
k
)
cn−kdν+kH(s)F
(m)
n−k(dx, d
sy;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(c− 1;−λ)H(s)F
(m−1)
k−l (cX, c
sY ;λ;µ, ν)
=
n∑
k=0
(
n
k
)
dn−kcν+kH(s)F
(m)
n−k(cx, c
sy;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(d− 1;−λ)H(s)F
(m−1)
k−l (dX, d
sY ;λ;µ, ν).
(3.2)
Corollary 3.2. For each pair of positive integers c, d and for all integers n ≥ 0, m ∈
N, λ, µ, ν ∈ C, the following symmetry identity for the Gould-Hopper Apostol type polynomials
H(s)F
(m)
n (x, y;λ;µ, ν) holds true:
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−kH(s)F
(m)
n
(
dx+
d
c
i, dsy;λ;µ, ν
)
H(s)F
(m)
n
(
cX +
c
d
j, csY ;λ;µ, ν
)
=
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−kH(s)F
(m)
n
(
cx+
c
d
i, csy;λ;µ, ν
)
H(s)F
(m)
n
(
dX +
d
c
j, dsY ;λ;µ, ν
)
.
(3.3)
By taking suitable values of the parameters in equation (3.2) and (3.3) and in view of
relations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials
related to H(s)F
(m)
n (x, y;λ;µ, ν). We present the symmetric identities for these polynomials in
the following table:
Table 3.1. Symmetry identities for the Special cases of the GHATP H(s)F
(m)
n (x, y;λ;µ, ν)
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S. Values of Relation between Name and Symmetry identities of the resultant special polynomials
No. the para- the GHATP
meters
H(s)
F
(m)
n (x, y;λ;µ, ν)
and its special case
I. λ→ −λ (−1)m Gould-Hopper Apostol Bernoulli polynomials
µ = 0
H(s)
F
(m)
n (x, y;−λ; 0, 1)
n∑
k=0
(
n
k
)
cn−kdν+k
H(s)
B
(m)
n−k
(dx, dsy;λ)
k∑
l=0
(
k
l
)
Sl(c− 1; λ)H(s)
B
(m−1)
k−l
(cX, csY ; λ)
ν = 1 =
H(s)
B
(m)
n (x, y;λ) =
n∑
k=0
(
n
k
)
dn−kcν+k
H(s)
B
(m)
n−k
(cx, csy;λ)
k∑
l=0
(
k
l
)
Sl(d− 1; λ)H(s)
B
(m−1)
k−l
(dX, dsY ;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+j(−λ)i+jckdn−k
H(s)
B
(m)
n
(
dx + d
c
i, dsy;λ)
H(s)
B
(m)
n
(
cX + c
d
j, csY ; λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+j(−λ)i+jdkcn−k
H(s)
B
(m)
n
(
cx + c
d
i, csy;λ
)
H(s)
B
(m)
n
(
dX + d
c
j, dsY ;λ
)
II. µ = 1
H(s)
F
(m)
n (x, y;λ; 1, 0) Gould-Hopper Apostol Euler polynomials
ν = 0 =
H(s)
E
(m)
n (x, y;λ)
n∑
k=0
(
n
k
)
cn−kdν+k
H(s)
E
(m)
n−k
(dx, dsy;λ)
k∑
l=0
(
k
l
)
Ml(c− 1;λ)H(s)
E
(m−1)
k−l
(cX, csY ;λ)
=
n∑
k=0
(
n
k
)
dn−kcν+k
H(s)
E
(m)
n−k
(cx, csy;λ)
k∑
l=0
(
k
l
)
Ml(d − 1;λ)H(m)
E
(m−1)
k−l
(dX, dsY ; λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
H(s)
E
(m)
n
(
dx + d
c
i, dsy;λ)
H(s)
E
(m)
n
(
cX + c
d
j, csY ;λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
H(s)
E
(m)
n
(
cx + c
d
i, csy;λ
)
H(s)
E
(m)
n
(
dX + d
c
j, dsY ;λ
)
III. µ = 1
H(s)
F
(m)
n (x, y;λ; 1, 1) Gould-Hopper Apostol Genocchi polynomials
ν = 1 =
H(s)
G
(m)
n (x, y;λ)
n∑
k=0
(
n
k
)
cn−kdν+k
H(s)
G
(m)
n−k
(dx, dsy;λ)
k∑
l=0
(
k
l
)
Ml(c− 1; λ)H(s)
G
(m−1)
k−l
(cX, csY ;λ)
=
n∑
k=0
(
n
k
)
dn−kcν+k
H(s)
G
(m)
n−k
(cx, csy;λ)
k∑
l=0
(
k
l
)
Ml(d− 1; λ)H(s)
G
(m−1)
k−l
(dX, dsY ;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
H(s)
G
(m)
n
(
dx + d
c
i, dsy;λ)
H(s)
G
(m)
n
(
cX + c
d
j, csY ;λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
H(s)
G
(m)
n
(
cx+ c
d
i, csy;λ
)
H(s)
G
(m)
n
(
dX + d
c
j, dsY ;λ
)
Note.We note that for λ = 1, the symmetry identities derived above for the GHABP H(s)B
(m)
n (x, y;λ),
GHAEP H(s)E
(m)
n (x, y;λ) and GHAGP H(s)G
(m)
n (x, y;λ) give the corresponding identities for the
Gould-Hopper Bernoulli polynomials (GHBP) (of order m) H(s)B
(m)
n (x, y), Gould-Hopper Eu-
ler polynomials (GHEP) (of order m) H(s)E
(m)
n (x, y) and Gould-Hopper Genocchi polynomials
(GHGP) (of order m) H(s)G
(m)
n (x, y), respectively. Again, for m = 1, we get the correspond-
ing identities for the Gould-Hopper Bernoulli polynomials (GHBP) H(s)Bn(x, y), Gould-Hopper
Euler polynomials (GHEP) H(s)En(x, y) and Gould-Hopper Genocchi polynomials (GHGP)
H(s)Gn(x, y).
Next, by taking φ(y, t) = C0(−yt
s) (for which the 2VGP pn(x, y) reduce to the 2-variable
generalized Laguerre polynomials (2VGLP) sLn(y, x)) in the l.h.s. of generating function (1.15),
we get the following generating function for the 2-variable generalized Laguerre Apostol type
polynomials sLF
(m)
n (x, y;λ;µ, ν) [4]:
( 2µ tν
λet + 1
)m
extC0(−yt
s) =
∞∑
n=0
sLF
(m)
n (y, x;λ;µ, ν)
tn
n!
. (3.4)
Consequently, by taking φ(y, cdt) = C0(−y(cdt)
s) in equation (2.2) and proceeding on the
same lines as in Theorem 2.1 and Theorem 2.2, we get the following consequences of Theorem
2.1 and Theorem 2.2.
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Corollary 3.3. For all integers c > 0, d > 0, n ≥ 0, m ∈ N, λ, µ, ν ∈ C, the following symmetry
identity for the 2-variable generalized Laguerre Apostol type polynomials sLF
(m)
n (x, y;λ;µ, ν)
holds true:
n∑
k=0
(
n
k
)
cn−kdν+ksLF
(m)
n−k(d
sy, dx;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(c− 1;−λ)sLF
(m−1)
k−l (c
sY, cX;λ;µ, ν)
=
n∑
k=0
(
n
k
)
dn−kcν+ksLF
(m)
n−k(c
sy, cx;λ;µ, ν)
k∑
l=0
(
k
l
)
Sl(d− 1;−λ)sLF
(m−1)
k−l (d
sY, dX;λ;µ, ν).
(3.5)
Corollary 3.4. For each pair of positive integers c, d and for all integers n ≥ 0, m ∈ N, λ, µ, ν ∈
C, the following symmetry identity for the 2-variable generalized Laguerre Apostol type polyno-
mials sLF
(m)
n (x, y;λ;µ, ν) holds true:
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
sLF
(m)
n
(
dsy, dx+
d
c
i;λ;µ, ν
)
sLF
(m)
n
(
csY, cX +
c
d
j;λ;µ, ν
)
=
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
sLF
(m)
n
(
csy, cx+
c
d
i;λ;µ, ν
)
sLF
(m)
n
(
dsY, dX +
d
c
j;λ;µ, ν
)
.
(3.6)
By taking suitable values of the parameters in equation (3.2) and (3.3) and in view of
relations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials
related to sLF
(m)
n (x, y;λ;µ, ν). We present the symmetric identities for these polynomials in the
following table:
Table 3.2. Symmetry identities for the Special cases of the 2VGLATP
sLF
(m)
n (x, y;λ;µ, ν)
S. Values of Relation between Name and Symmetry identities of the resultant special polynomials
No. the para- the 2VGLATP
meters
sL
F
(m)
n (y, x;λ;µ, ν)
and its special case
I. λ→ −λ (−1)m 2-variable generalized Laguerre Apostol Bernoulli polynomials
µ = 0
sL
F
(m)
n (y, x;−λ; 0, 1)
n∑
k=0
(
n
k
)
cn−kdν+k
sL
B
(m)
n−k
(dsy, dx;λ)
k∑
l=0
(
k
l
)
Sl(c− 1; λ)sLB
(m−1)
k−l
(csY, cX;λ)
ν = 1 =
sL
B
(m)
n (y, x;λ) =
n∑
k=0
(
n
k
)
dn−kcν+k
sL
B
(m)
n−k
(csy, cx;λ)
k∑
l=0
(
k
l
)
Sl(d− 1;λ)sLB
(m−1)
k−l
(dsY, dX;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+j(−λ)i+jckdn−k
sL
B
(m)
n
(
dsy, dx + d
c
i; λ)
sL
B
(m)
n
(
csY, cX + c
d
j; λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+j(−λ)i+jdkcn−k
sL
B
(m)
n
(
csy, cx + c
d
i;λ
)
sL
B
(m)
n
(
dsY, dX + d
c
j;λ
)
II. µ = 1
sL
F
(m)
n (y, x;λ; 1, 0) 2-variable generalized Laguerre Apostol Euler polynomials
ν = 0 =
sL
E
(m)
n (y, x;λ)
n∑
k=0
(
n
k
)
cn−kdν+k
sL
E
(m)
n−k
(dsy, dx;λ)
k∑
l=0
(
k
l
)
Ml(c− 1;λ)sLE
(m−1)
k−l
(csY, cX;λ)
=
n∑
k=0
(
n
k
)
dn−kcν+k
sL
E
(m)
n−k
(csy, cx;λ)
k∑
l=0
(
k
l
)
Ml(d − 1;λ)sLE
(m−1)
k−l
(dsY, dX;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
sL
E
(m)
n
(
dsy, dx + d
c
i; λ)
sL
E
(m)
n
(
csY, cX + c
d
j; λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
sL
E
(m)
n
(
csy, cx + c
d
i; λ
)
sL
E
(m)
n
(
dsY, dX + d
c
j;λ
)
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III. µ = 1
sL
F
(m)
n (y, x;λ; 1, 1) 2-variable generalized Laguerre Apostol Genocchi polynomials
ν = 1 =
sL
G
(m)
n (y, x;λ)
n∑
k=0
(
n
k
)
cn−kdν+k
sL
G
(m)
n−k
(dsy, dx;λ)
k∑
l=0
(
k
l
)
Ml(c− 1; λ)sLG
(m−1)
k−l
(csY, cX;λ)
=
n∑
k=0
(
n
k
)
dn−kcν+k
sL
G
(m)
n−k
(csy, cx;λ)
k∑
l=0
(
k
l
)
Ml(d− 1; λ)sLG
(m−1)
k−l
(dsY, dX;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
sL
G
(m)
n
(
dsy, dx+ d
c
i;λ)
sL
G
(m)
n
(
csY, cX + c
d
j;λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
sL
G
(m)
n
(
csy, cx + c
d
i;λ
)
sL
G
(m)
n
(
dsY, dX + d
c
j;λ
)
Note. We note that for λ = 1, the symmetry derived above for the 2VGLABP sLB
(m)
n (x, y;λ),
2VGLAEP
sLE
(m)
n (x, y;λ) and 2VGLAGP sLG
(m)
n (x, y;λ) give the corresponding identities for
the 2-variable generalized Laguerre Bernoulli polynomials (2VGLBP) (of order m)
sLB
(m)
n (x, y),
2-variable generalized Laguerre Euler polynomials (2VGLEP) (of order m) sLE
(m)
n (x, y) and
2-variable generalized Laguerre Genocchi polynomials (2VGLGP) (of order m) sLG
(m)
n (x, y), re-
spectively. Again, for m = 1, we get the corresponding identities for the 2-variable generalized
Laguerre Bernoulli polynomials (2VGLBP) sLBn(x, y), 2-variable generalized Laguerre Euler
polynomials (2VGLEP)
sLEn(x, y) and 2-variable generalized Laguerre Genocchi polynomials
(2VGLGP)
sLGn(x, y).
Similarly, by taking φ(y, t) = 11−ytr (for which the 2VGP pn(x, y) reduce to the 2-variable
truncated exponential polynomials (2VTE) e
(r)
n (x, y)) in the l.h.s. of generating function (1.15),
we get the following generating function for the 2-variable truncated exponential Apostol type
polynomials e(r)F
(α)
n (x, y;λ;µ, ν) [4]:
( 2µ tν
λet + 1
)m( ext
1− ytr
)
=
∞∑
n=0
e(r)F
(m)
n (x, y;λ;µ, ν)
tn
n!
. (3.7)
Consequently, by taking φ(y, cdt) = 11−y(cdt)r in equation (2.2) and proceeding on the same
lines as in Theorem 2.1, we get the following consequence of Theorem 2.1.
Corollary 3.5. For all integers c > 0, d > 0, n ≥ 0, m ∈ N, λ, µ, ν ∈ C, the following symmetry
identity for the 2-variable truncated exponential Apostol type polynomials e(r)F
(m)
n (x, y;λ;µ, ν)
holds true:
n∑
k=0
k∑
l=0
(
n
k
)(
k
l
)
cn−kdν+ke(r)F
(m)
n−k(dx, d
ry;λ;µ, ν)Sl(c− 1;−λ)e(r)F
(m−1)
k−l (cX, c
rY ;λ;µ, ν)
=
n∑
k=0
k∑
l=0
(
n
k
)(
k
l
)
dn−kcν+ke(r)F
(m)
n−k(cx, c
ry;λ;µ, ν)Sl(d− 1;−λ)e(r)F
(m−1)
k−l (dX, d
rY ;λ;µ, ν).
(3.8)
Corollary 3.6. For each pair of positive integers c, d and for all integers n ≥ 0, m ∈ N, λ, µ, ν ∈
C, the following symmetry identity for the 2-variable truncated exponential Apostol type polyno-
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mials e(r)F
(m)
n (x, y;λ;µ, ν) holds true:
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−ke(r)F
(m)
n
(
dx+
d
c
i, dry;λ;µ, ν
)
e(r)F
(m)
n
(
cX +
c
d
j, crY ;λ;µ, ν
)
=
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−ke(r)F
(m)
n
(
cx+
c
d
i, cry;λ;µ, ν
)
e(r)F
(m)
n
(
dX +
d
c
j, drY ;λ;µ, ν
)
.
(3.9)
By taking suitable values of the parameters in equation (3.2) and (3.3) and in view of
relations (1.12)-(1.14), we can find the symmetric identities for other mixed special polynomials
related to e(r)F
(m)
n (x, y;λ;µ, ν). We present the symmetric identities for these polynomials in
the following table:
Table 3.3. Symmetry identities for the Special cases of the 2VTEATP e(r)F
(m)
n (x, y;λ;µ, ν)
S. Values of Relation between Name and Symmetry identities of the resultant special polynomials
No. the para- the 2VTEATP
meters
e(r)
F
(m)
n (x, y;λ;µ, ν)
and its special case
I. λ→ −λ (−1)m 2-variable truncated exponential Apostol Bernoulli polynomials
µ = 0
e(r)
F
(m)
n (x, y;−λ; 0, 1)
n∑
k=0
(
n
k
)
cn−kdν+k
e(r)
B
(m)
n−k
(dx, dry;λ)
k∑
l=0
(
k
l
)
Sl(c− 1;λ)e(r)
B
(m−1)
k−l
(cX, crY ;λ)
ν = 1 =
e(r)
B
(m)
n (x, y;λ) =
n∑
k=0
(
n
k
)
dn−kcν+k
e(r)
B
(m)
n−k
(cx, cry;λ)
k∑
l=0
(
k
l
)
Sl(d− 1;λ)e(r)
B
(m−1)
k−l
(dX, drY ;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+j(−λ)i+jckdn−k
e(r)
B
(m)
n
(
dx + d
c
i, dry;λ)
e(r)
B
(m)
n
(
cX + c
d
j, crY ;λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+j(−λ)i+jdkcn−k
e(r)
B
(m)
n
(
cx + c
d
i, cry;λ
)
e(r)
B
(m)
n
(
dX + d
c
j, drY ;λ
)
II. µ = 1
e(r)
F
(m)
n (x, y;λ; 1, 0) 2-variable truncated exponential Apostol Euler polynomials
ν = 0 =
e(r)
E
(m)
n (x, y;λ)
n∑
k=0
(
n
k
)
cn−kdν+k
e(r)
E
(m)
n−k
(dx, dry;λ)
k∑
l=0
(
k
l
)
Ml(c− 1;λ)e(r)
E
(m−1)
k−l
(cX, crY ;λ)
=
n∑
k=0
(
n
k
)
dn−kcν+k
e(r)
E
(m)
n−k
(cx, cry;λ)
k∑
l=0
(
k
l
)
Ml(d− 1; λ)e(r)
E
(m−1)
k−l
(dX, drY ; λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
e(r)
E
(m)
n
(
dx + d
c
i, dry;λ)
e(r)
E
(m)
n
(
cX + c
d
j, crY ;λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
e(r)
E
(m)
n
(
cx + c
d
i, cry;λ
)
e(r)
E
(m)
n
(
dX + d
c
j, drY ; λ
)
III. µ = 1
e(r)
F
(m)
n (x, y;λ; 1, 1) 2-variable truncated exponential Apostol Genocchi polynomials
ν = 1 =
e(r)
G
(m)
n (x, y;λ)
n∑
k=0
(
n
k
)
cn−kdν+k
e(r)
G
(m)
n−k
(dx, dry;λ)
k∑
l=0
(
k
l
)
Ml(c− 1; λ)e(r)
G
(m−1)
k−l
(cX, crY ;λ)
=
n∑
k=0
(
n
k
)
dn−kcν+k
e(r)
G
(m)
n−k
(cx, cry;λ)
k∑
l=0
(
k
l
)
Ml(d− 1;λ)e(r)
G
(m−1)
k−l
(dX, drY ;λ)
n∑
k=0
(
n
k
) c−1∑
i=0
d−1∑
j=0
(−1)i+jλi+jckdn−k
e(r)
G
(m)
n
(
dx+ d
c
i, dry;λ)
e(r)
G
(m)
n
(
cX + c
d
j, crY ; λ
)
n∑
k=0
(
n
k
) d−1∑
i=0
c−1∑
j=0
(−1)i+jλi+jdkcn−k
e(r)
G
(m)
n
(
cx+ c
d
i, cry;λ
)
e(r)
G
(m)
n
(
dX + d
c
j, drY ;λ
)
Note.We note that for λ = 1, the symmetry derived above for the 2VTEABP e(r)B
(m)
n (x, y;λ),
2VTEAEP e(r)E
(m)
n (x, y;λ) and 2VTEAGP e(r)G
m)
n (x, y;λ) give the corresponding identities for
the 2-variable truncated exponential Bernoulli polynomials (2VTEBP) (of order α) e(r)B
(α)
n (x, y),
2-variable truncated exponential Euler polynomials (2VTEEP) (of order m) e(r)E
(m)
n (x, y) and
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2-variable truncated exponential Genocchi polynomials (2VTEGP) (of order m) e(r)G
(m)
n (x, y),
respectively. Again, for m = 1, we get the corresponding identities for the 2-variable truncated
exponential Bernoulli polynomials (2VTEBP) e(r)Bn(x, y), 2-variable truncated exponential Eu-
ler polynomials (2VTEEP) e(r)En(x, y) and 2-variable truncated exponential Genocchi polyno-
mials (2VTEGP) e(r)Gn(x, y).
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